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Abstract 

We revisit sigma models on target spaces given by a principal torus fibration X M, 
and show how treating the 2-form S as a gerbe connection captures the gauging obstructions 
and the global constraints on the T-duality. We show that a gerbe connection on X, which is 
invariant with respect to the torus action, yields an affine double torus fibration Y over the 
base space M — the generalization of the correspondence space. We construct a symplectic 
form on the cotangent bundle to the loop space LY and study the relation of its symmetries 
to T-duality. We find that geometric T-duality is possible if and only if the torus symmetry 
is generated by Hamiltonian vector fields. Put differently, the obstruction to T-duality is the 
non-Hamiltonian action of the symmetry group. 



October 26, 2007 



Contents 



1 Introduction [l| 

2 Sigma-models on principal torus bundles 5 

2.1 Review of the obstructions to T-duality 5 

2.2 Gerbes Is 

3 T-duality in string sigma models |] 

3.1 Sigma model on a principal torus bundle 14 

3.2 T-duality 15 

3.3 [H,Un ^0 Ei 

4 T-duality as a symmetry of a loop space |^ 

4.1 Phase space of string sigma model 19 

4.2 Symmetry of a loop space 20 

4.3 Non-hamiltonian torus action |22 

A Wess-Zumino term and holonomy of the gerbe connection [24 

B Torus action on the gerbe connection [25 

C Reduction of a f/(l) bundle M 

D Reduction of the current algebra [28 



1 Introduction 

T-duality is a perturbative symmetry of string theory and has played an important role in a wide 
number of applications, ranging from the study of WZW models to flux compactifications. One 
curious aspect of this duality is that due to mixing of the metric and the B field under its action, 
it may connect backgrounds which are very different not only geometrically but also topologically. 

Conventional T-duality is defined for certain backgrounds with isometries in which there is an 
action of an n-dimensional torus on the target space X preserving the metric and the 3-form H, 
which is locally given by the exterior derivative of the i?-field. The equations of motion of the 
two-dimensional field theory then have global symmetries. The standard procedure for deriving 
the duality starts by gauging these isometries, i.e. by making the symmetries local by coupling to 
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world-sheet gauge fields. Then the target space of the model is enlarged to a space Y by adding 
fields which provide the n extra coordinates of Y and which couple as Lagrange multipliers. One 
can then either eliminate the extra coordinates to recover the original model with target X, or 
integrate out the fibre coordinates of the torus fibration of X to obtain the T-dual theory, and 
the two T-dual models define the same quantum theory. Performing the calculations classically 
(locally) give the well-known formulae for the transformation of the target space metric and in- 
field. However some steps of the procedure outlined above can have global obstructions, which we 
revisit in this paper. See [H [2] for the obstructions to gauging sigma models with WZ term, e.g. 
[21 m [5] for T-duality from gauging sigma-models, [6] for the obstructions to T-duality. 

Obstructions to gauging and T-duality. A well studied case of geometric T-duality is that 
of a target space X that is a principal circle fibration over a base manifold M. The enlarged 
space of the sigma model — the correspondence space Y — can be thought of as arising from 
the geometrization of the S-field and can be represented as two independent circle fibrations 
over M (see [3 El [9] for detailed discussions and generalizations). Two independent projections 
give the two dual geometries - the original X or the dual X. The two manifolds are in general 
topologically distinct, since in the process of dualization we are exchanging the curvature of the 
original bundle with the integral of the 3-from H along the circle fibre. This picture can be 
extended to a higher dimensional case of principal torus fibre T", provided the right constraints 
on the 5-field are imposed. 

Consider a fibration n : X —>■ M with fibre T*^ and connection 0/ (/ = 1, ...,n) given by a 
globally well defined smooth 1-form on X with values in t := LieT"^ = R". A closed 3-form H 
that is invariant with respect to the torus action can be written globally as 

H = 7i*H3 + 'K*H^ A 0/ + l'K*Hl'^ A 0/ A 0j + ];Ti*H^.-^^Qi AQjAQk, (1-1) 

2 6 

where Hj G ^1^{M; A^~-'t) for j = 0, 1, 2, sj^ Gauging the sigma model is not obstructed provided 

DP 

i{K^)H = dv\ i{K^)v^ + i{K-^)v^ = 0, (1.2) 

where the vector fields (/, J = 1, ...,n) are the torus generators on X (the Lie derivative of 
with respect to vanishes), are globally well-defined one- forms and i{K^) denotes the 
contraction with the vector . These conditions can be obtained by demanding that the gauged 
sigma-model action involves globally defined forms [H [2] and are equivalent to requiring that the 

^Our choice for the position of the indices / (/ = 1, ...,n) is somewhat unconventional - they are placed down 
on objects that take values in A*t and up - on ojects in A*t*. This way the formulae appear to be less cluttered 
with different indices. Whenever this will not cause a confusion, the index I will be suppressed. 
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3-form H has an equivariant extension H [HI [12]. (This means DH = 0, where D = d + <pi i{K^) 
and 0/ are two-form generators of LieT". Imposing H\^=q = H, allows us to write H = H — (pjv^ 
iff (O) holds.) 

More recently it was shown that when the gauging and the addition of Lagrange multipliers 
is done together rather than in steps, these conditions can be weakened significantly [6l [19] , to 
become 

H^^^ = , H^-^ = dBl^-^ , (1.3) 

where B^'^ is globally defined. The basic picture of the correspondence space still holds — the 
geometrization of the i?-field can still lead to a correspondence space Y with a double-torus 
fibration over the base M. It becomes important to identify the correct connection that upon 
T-duality gets exchanged with the connection on the torus bundle. Its curvature is in the same 
de Rham cohomology class as the 2-form obtained from H hj a. single contraction with a torus 
generator, H2 = i{Ki) H (and this class is no longer required to be trivial!). 

One can see that, in the absence of -Bq"', the 2-form is closed and can be thought of as 
the curvature of a connection 6 on the dual principal torus fibre over M, vr : X — > M, and we 
may indeed pass to the sigma model on the extended target space given by the fibrewise product 
Y = X X TV/ X. T-duality acts to interchange and 0. 

The generalized correspondence space. Much of our understanding of T-duality is based on 
the relation with gauged sigma-models, so it is interesting to investigate further the cases in which 
gauging is not possible. We will focus here on one of the simplest obstructed cases, that in which 
Sq"' is not globally defined but B is invariant under the torus action. While being the simplest 
obstructed case, it is sufficiently nontrivial to illustrate some of the problems one encounters in 
attempting to perform an obstructed T-duality. To discuss T-duality in the more general case 
one has to specify how the torus group acts on the gerbe connection (the S-field), see [6] and 
appendix [B] of this paper for more details. The topological aspects of T-duality with nontrivial 
5-fields have been discussed in [101 HSl [HI [15] . 

As when discussing the global aspects of WZ models [l6l[T7], it will be crucial for our discussion 
to treat the 2-form as a gerbe connection. As before, its geometrization leads to a new enlarged 
space Y. As we shall see, upon imposing certain conditions on the gerbe structure, Y has two 
different descriptions. It can either be viewed as a principal torus fibration over the original torus 
fibration X with a well defined connection form 0^, or as an affine 2?7,-dimensional torus fibration 
over the base M. As we shall see the affine connection (0, 0) has the following gluing conditions 
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where m^^ are skewsymmetric integral valued matrices satisfying cocycle conditions on triple 
overlaps (see subsection 12.21 for details). They parameterize the non-triviality of the S-field. 
When m^^ can be set to zero, B^"^ is a globally defined smooth function (and the T-duality is 
geometric). 

The principal difference between the two connections 0#, becomes clear when the lifting of 
the original action to Y is considered — even for well-defined Bq^ . When using the connection 
6^, the torus group in general lifts only to the universal covering group (which will be the 
case even if B^'^ is constant provided the matrix B^^ has irrational values at some points on M, 
which will necessarily be the case if it is a non-constant function), while for 6 it always lifts to 
T". As mentioned, when B^"^ is well defined, the two connections have curvatures which are in the 
same de Rham cohomology class. When it is not, this discrepancy becomes one of the principal 
difficulties. In this situation it is impossible to perform the T-duality in the standard way at the 
level of the sigma model. In such cases, it has been proposed that T-duality is nonetheless possible 
and gives a T-fold [T8] . 

T-duality as a symmetry of a loop space. The phase space of the sigma model on the target 
X, given by the cotangent bundle to the loop space LX, has a natural symplectic structure with 
a closed 2-form 



where 6 is the differential on the loop space. We shall see how this structure extends upon enlarging 
the target space from the principal torus fibration X to the generalized correspondence space Y. 
The new symplectic form on T*LY, uy, has a natural 0{n, n, Z) action. In the unobstructed 
case this action simply leads to a new derivation of the old results. There are two different torus 
actions with two different symplectic reductions leading either back to the original sigma model 
on X or the dual one on X with the exchange of the first Chern classes of the torus fibrations 
and the fibrewise integrals of /i — the characteristic class of the gerbe connection. When Bq"^ is 
not globally defined, the situation changes radically. The natural extension of the construction 
for this case uses the globally well defined connection 6^ (in a way similar to the reduction of a 
centrally extended current algebra on a torus fibre as explained in the Appendix (Dj). However, 
as already mentioned, when using 0^ the original torus acts as in T*LY and one has to 
deal with non-closed orbits in Y. This problem manifests itself in the fact that the action of the 
torus T" on ojy is no longer hamiltonian. Not surprisingly, the obstruction is given by i//"'. As 




(1.5) 
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we shall see (Theorem I4.2p there exists a way of writing the symplectic form on T*LY using the 
affine connection O (see section H] for details). 

The structure of the paper is as follows. In section [2], we rederive the T-duality obstructions and 
describe the construction of the enlarged target space. The way the original gerbe structure defined 
the structure of this space is discussed there (and in Appendices |Al [HI Appendix [C] discusses the 
toy example of a U{1) bundle reduction). T-duality in sigma models is discussed in section [31 In 
section [D, we discuss the construction of the phase space on the enlarged sigma model and the 
action of the obstructed T-duality (with the current algebra being discussed in Appendix [D|. 

2 Sigma- mo dels on principal torus bundles 

2.1 Review of the obstructions to T-duality 

Principal torus bundle. Let X be a principal torus bundle with fibre T": 

jn ^ X ^ M. 

A connection on X is a globally well defined smooth 1-form O on 
X with values in t := LieT" = M". Let K G T{TX ® t*) be a 
fundamental vector field — the generator of the T"-action on X. 
The connection O is characterized by 

i{K) e = 1 G t* (g) t. 

and the equivariance condition 

£{K) e = 

where C{K) denotes the Lie derivative with respect to the vector field K. These two conditions 
imply that dQ = tc*F is a horizontal form, F G f2|(M; t). 

It is convenient to choose a basis on t, so that one can think of the connection B as a collection 
of one-forms {0/}, / = 1, . . . , n. We denote the corresponding fundamental vector fields by {^}- 
Note that, given a connection 6, 

0/A2(Jj) and l-QjAi{^) 

are the projection operators onto the vertical and horizontal forms respectively. Similarly, we can 
decompose the differential d into a horizontal differential 'rc*dM and the vertical one dg/gg: 

d= [l-ejAti§j)]d + eiAii§j)d = n*dM + da/9e (2.1a) 
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where (Im is the differential on M. On the horizontal forms ij^hor, ^(^)^hor = 0, one has 
i{^)duj-tioT = '^{'Sj^ "^iior with cUhor also horizontal, and therefore 

dcJhor = (7r*rfM) ^hor + ©/ A Jj) u^,^^. (2.1b) 

The lift 7r*djv/ of the differential on M is not nilpotent: rather (7r*(iAf)^^hor = —Fi A Whor- 
In the next section we will use a local description of the torus bundle. The following notation 
will be used. We choose an open cover {M^} of the base M by contractible open sets. We denote 
by 9ai (/ = !,... ,n), ^ 9^1 < 1, coordinates in the torus fibre over the patch Mq with the 
gluing condition on twofold overlaps {Map} 

9a\Mal3 — ^pIm^p = —Xal3 (2.2a) 

where {Xap} are functions on twofold overlaps with values in t satisfying the cocycle condition on 
threefold overlaps: Xa/B + Xp^ + A^^ = 0. Then locally the connection 6 can be written as 

Q\mo, = d6a + n*Aa and Aj,. -^/^Im = dXap (2.2b) 
where is a 1-form on Ma with values in t. 

Restrictions on the 3-form H. We are interested in sigma models on a target space X, given 
by a principal torus fibration, and a Wess-Zumino term defined by a 2-form gauge field B. To be 
more precise, i? is a gerbe connection. The implications of this description are important and will 
be explained in the next subsection. For the moment, we are interested in the curvature of the 
gerbe connection — a globally well defined smooth closed 3-form H G f2|(X). 

Since tt : X — > M is a principal torus bundle we have a free torus action on X. The Wess- 
Zumino term is invariant with respect to this torus action (more precisely, the holonomiej^ of the 
gerbe connection B over 2-cycles in X are invariant with respect to the torus action) iff i[^)H 
is an exact form. This is a necessary condition for gauging the sigma model [1]. However the 
conditions for T-duality are less restrictive: C{-^)H = 0, i.e. i{^)H is a closed 2-form but not 
necessarily an exact one [6]. Such a 3-form H can be written globally as 

H = n*H3 + {'K*H2, 6) + i(7r*//i, A 0) + l{n*Ho, A A 0) , (2.3) 

2 6 

where Hj e il^{M; A^'H) for j = 0, 1, 2, 3 and (•, ■) denotes the natural pairing t* ® t — > M. We 
use the same notation for the linear extension of this pairing to antisymmetric powers of t and t*. 

^The holonomy of a 2-form gauge field B over a 2-cycle S is, roughly speaking, exp(27ri B) and is defined in 
a way similar to the holonomy of a 1-form gauge field — see Appendix El for details. The holonomy of a gerbe 
connection is an exponential of a Wess-Zumino term: Hol(i3, E) = exp[27rz WZ{B, E)]. 
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For example, (i^i, A O) = Hf"^ A 6/ A Oj. The closure of H implies the following equations on 

dHj + (Hj^i^F) =0, (2.4a) 

or using the basis we have 



duHl^ + Hq'^^Fk = 0, 



duH^ + H[' AFj = 0, 



duH^^^ = 0. 



(2.4b) 



Double fibration. The contraction of the invariant 3-form H with the fundamental vector 
field K defines a closed 2- form F^ G f2|(M; t) on X with integral periods (provided that the 
fundamental vector field K is properly normalized, as we will now assume). Using the basis in t 
it can be written as 



4 



H 



(2.5) 



We would like now to geometrize this form, i.e. think of it as a curvature of a connection 0# on 
a principal torus bundle Y — ^ X with LieT^ = t*: 




(2.6) 



To this end one has to construct a 2-cocycle representing the first 
Chern class of the torus bundle, such that its image in the de Rham 
cohomology is [F#]dR. 

Torus actions on the double fibration. The total space Y 
of the double fibration has a natural action of the torus T^. It 
is natural to ask whether the original torus T" acts on Y. The 
connection 0^ on Y —>■ X allows one to lift the action of LieT": a fundamental vector field 
K e r{TX (g) r) can be lifted to y as a horizontafl vector field Ktor e T{TY (g)t*). Note that 
these horizontal vector fields do not commute automatically. Indeed, the commutator of two such 
fields Xhor and i^^or is given by their contraction with the curvature of 6#: 



or explicitly 



[(gie^)hor, (q^j 



de., 



IhOT 



-H 



UK a 





# 



(2.7) 



^This means that i(A'iior)B^ = 0. 
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Thus the vanishing of Hq G Q^{M] A^t) is the necessary condition for the action of LieT" to 
remain abehan after hfting to Y. 

Having hfted the action of the Lie algebra we have not necessarily lifted the action of the Lie 
group as well. To lift the torus action T" to Y in addition to Hq^^ = we have to verify that the 
orbits of (^)hor are closed for all J = 1, . . . , n. If this is so, then we have an action of the double 
torus T" X on Y. Otherwise, if H^^^ = but not all orbits are closed we have the action of 

^ rjpn-fc ^ rjpn Y for some k between 1 and n. 

A free action of T" x on Y means that Y itself is a double torus fibration over M. In 
particular, 

[Flu = [it* Hi - n*Hi' A 6^],^ (2.8) 

must be a pullback of some de Rham cohomology class on M. The first term in this expression is 
clearly a pullback. However the second one is not in general a pullback from M. Suppose that Hi 
is exact, i.e. there exists a globally well defined smooth Bq G Q^{M; A'^t*) such that Hi = dBo. 
Then we can rewrite (12. 8 p as 

[FlUR = 7r*[Hi + B',-'FjU. 

Thus the necessary conditions for having a free action of the double torus on Y are Hq^^ = and 
i//'^ is exact. In this case Y itself is a principal T" x bundle over M. One can choose on F a 
connection which respects the fact that Y is principal double torus bundle over M: 

= - B'.'Qj. (2.9) 

It is this X T!^ bundle over M that is referred to as the doubled torus bundle in [HI [6] . 
We can summarize our discussion by the following 

Theorem 2.1. The contraction of the invariant 3-form H (12. 3p with the fundamental vector field 
defines a closed 2-form with integral periods on X . One can think of it as a curvature of a 
connection O^ on a principal torus bundle Y X : p*F^ = dQ^. 

a) The action o/LieT", the Lie algebra of the original torus, is abelian on Y iff H^'^^ = 0. 

b) If in addition Hl^ = dB^^ is an exact form on X, then Y is a principal double torus bundle 
on M with connections O and O defined by (12. 9p . 

Comment. In the next subsection we will show that if Hi is not exact then Y is an affine torus 
bundle over M with very specific gluing functions. 
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2.2 Gerbes 

The general sigma model includes a Wess-Zumino defined by a 2-form gauge field B. When 
discussing the global properties of the sigma model it is important to treat B as a. gerbe connection. 
In this subsection we first review the definition of a gerbe on a general manifold X, and then 
consider in detail what happens when X is a principal torus bundle and the curvature of the gerbe 
connection is invariant with respect to the torus action. The geometrization of the gerbe for this 
case will be the key to the following discussion. 

The main results of this subsection are Corollary 12.21 and Corollary 12.31 which state that an 
invariant gerbe connection on a principal torus bundle defines: 

principal torus bundle p : Y ^ X with connection; 

b) an affine (double) torus bundle over M with an affine connection. 



Gerbe. We use the formulation of a gerbe presented in section 1.2 in [201 ET]. Choose an open 

covering {X^} of X. Note that these open sets do not need to 
be contractible. A gerbe is defined as the following structure: a 
line bundle La/s on each twofold intersection Xajj = Xa H Xp; an 
isomorphism L^/j = Lf^a', a trivialization fap-y : Xajs-y — * U{1) of the 
line bundle Lq,^ ® ® L^a on each threefold intersection Xq,^^; 
/a/37 is a cocycle, i.e. Sfap^s = fa/s^fp^sf-ySafiap = 1 on each fourfold 
intersection Xais-ys- 

A gerbe with connection is a gerbe plus a connection A^jj or0 
the line bundle Lajj in each Xa/B such that the section fa/s-^ is covariantly constant with respect to 
the induced connection on La 




/3 



^/37 



-'■ya ■ 



Aaf3 + A 



/37 



A, 



70 



(2.10) 



and a two form (gerbe connection) Ba G Vt^{Xa) such that Ba — Bp = dAap on Xap- 

The gauge group of the gerbe is generated by a group of line bundles with connection. Given 



a line bundle L with connection A we shift L, 



L\ 



X, 



a/3 



Lap, Aap 



A\x^.+ Aap and Ba ^ 



B. 



F\ 



where F G f2|(X) is the curvature of the connection on L. The gauge equivalence 
classes of gerbe connections form an abelian group — the Chiger-Simons co homology H^[X) (for 
a pedagogical introduction to Chiger-Simons cohomology see section 2 in [22]). 



^Connections Aap on line bundles La/3 should not be confused with the connection Aa on a principal torus 
bundle defined in subsection |2JJ 
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Gerbe on a principal torus bundle. As we have seen in section I2.H a necessary condition 
for T-duality is tlie invariance of the curvature H with respect to the torus action. Thus H can 
be written as 

H = Ti*Hi + (7r*//2, e) + i(7r*//i, A 0) + ]:{ti*H^, A A 0) (2.11) 

2 

where Hj for j = 0, 1, 2, 3 is a smooth j-form on M. The torus bundle X can be covered by open 
sets {Xa = T*^ X Ma] where {Ma} is an open covering of the base manifold M. 

Structure on a coordinate patch. In each coordinate patch T*^ x a gerbe connection can 
be written as 

Ba = B2a + {Bia, 0) + ^{Boa, A 0), (2.12) 

where B2a, Bi^ and Bq^ are horizontal 2-, 1- and 0-forms on X^- Note that there is no tt* in 
front of these forms in the equation (12.121) since a priori they can depend on the torus coordinates. 
Locally the curvature Hj\xa can be written as 

n*H3\x^ = {7i*dM)B2a " (^i,, 7r*F); (2.13a) 

7r*H^\x^ = in*dM)Bl + £( Jj)i?2. - ^o'i A n*Fj; (2.13b) 

7,*Hi'\x^ = {n*dM)Bii - C{^)Bl + C{^)Bl; (2.13c) 

7r*if^-^^|x„ = Jj^Off + mjBqJ + afc-Soi (2.13d) 

where 'n'*dM is the horizontal exterior derivative defined in (12.11) . Note that the left hand sides of 
the equations above do not depend on the torus coordinates, and thus the right hand sides should 
not depend on them either. 

Structure on a twofold intersection. On twofold intersections {Xap = T" x M^^} the gerbe 
connections {Ba} are glued by 1-forms {Aq,/?} which can be written as 

Aa(i = aap + {hap,Q), (2.14) 

where and are horizontal 1- and 0-forms on X^ respectively. There is no n* in this 
expression since a priori both aai3 and can depend on the torus coordinates. The gluing 
condition yields 

(2.15a) 
(2.15b) 
(2.15c) 



B2a 


— B2f3\ 




{n*dM) aa/3 + {ha/3, 


IX* F), 


BL 


- Bip\ 


\m^p ~ 


in*dM)hi^ - ciij 




Boa 


~ Bop\ 


Mai3 ~ 


dei"'al3 dej"'al3- 
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Structure on a threefold intersection. On threefold intersections {Xajs-^ = T" x Majj^y} we are 

given sections fa/s^y '■ X^f^y — > U{1) satisfying the cocycle condition on fourfold intersections. The 

connections {Aq,/j} must be such that /o/^-y is covariantly constant ( ]2.10p : 

1 Id 
aa/3 + apy + | ^^^= — {ix^dM) log /,^^ and hi^ + /ij^ + /i^, | ^^^^= — — log (2.16) 

T-duality constraints. Recall that the contraction of the fundamental vector field ^ with the 
form H yields a closed 2-from on X with integral periods. In section 12.11 we interpreted this 
form as a curvature of a connection 0# on a principal torus bundle p : Y X. To perform the 
T-duality one has to construct this torus bundle and connection on it explicitly. The torus bundle 
is defined by a 2-cocycle on X. From equation fl2.16p it follows that the information contained in 
{^af}} should be used to construct such a cocycle. Moreover locally H\xa = dBa so it is natural 
to ask whether B alone defines the connection 0^. From equation 

F#\x^ = < J;) dB^ = C{^)B^ - di{^)B^ 

it follows that the necessary condition for this is the invariance of Ba under the torus action: 
C{^)Ba = in all patches Xa- In particular, this condition implies that Hq'^^ = 0. If C{-^)Ba ^ 
in some of the patches, then one has to introduce extra structure into the formulation; to simplify 
the discussion, we will restrict ourselves to the case in which B is invariant here|f 

The invariance of Ba with respect to the torus action restricts the possible dependence of {h^p}, 
{oais} and {fa/s-y} on the torus coordinates: the right hand sides of fl2.15p must be puUbacks from 
the base. The result can be summarized by the following 

Theorem 2.2. The gluing conditions for the gerbe connection Bq. which are compatible with the 
T'^ -invariance C{^)Ba = are 

Bii - Bl'p = mi^, (2.17a) 
Bia - B{p = dMhip + m'Jp{Ap - I dM\pa)j, (2.17b) 

B2a - ^2/3 = [dhidafi + {Kf3, F)] + ^ (m^^, {Ap - \ dM^pa) ^{Ap-\ dMXfSa)) (2.17c) 

where {m^j^} are skewsymmetric integral valued matrices satisfying the cocycle condition on three- 
fold overlaps, {/i^^} are functions (skew- symmetric in a, (3) defined on twofold overlaps {M^p} and 
satisfying the following condition on threefold overlaps 

ruap + rnpy + m^a = and h^^ + ^y + ^a\M^|^^= ~\ [^ii^X/Syj - rn^^pXp^j]- (2.18) 



'See Appendix |B] for an outline of a discussion of a more general torus action on the gerbe connection B. 
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{oa/?} are l-forms defined on twofold overlaps and satisfying the following condition on threefold 
overlaps: 



7^ dn log faf3-y — djij [X/Sail^afS + "^7/3)^/37] 



- {Xpaf^rypdM^Pa + ^Paf^-yadu^p-y + ^ p-yf^ Pad M ^p-y + A/37m^a'^M A/Jq) (2.19) 



where fapj '■ Map^y — > t^(l) o^t-c? «t satisfies the following condition on fourfold overlaps: 

2m 



faP"/fp^sf-ySafsaP ~ 



6 



(2.20) 



Before proving the theorem let us discuss the implications of the result. The invariance of 
the gerbe connection with respect to the torus action, C{-^)Ba = 0, while not being the most 
general case, allows for gluing functions that are sufficiently nontrivial. In particular, Hl^ can 
represent a nontrivial de Rham cohomology class. The corresponding integral cohomology class 

is represented by a cocycle {map}. If {rriap} is a coboundary (so 
it can be set to zero) then Bq is a globally well defined smooth 
function, Bi^, has gluing functions {/ta^} corresponding to a con- 
nection on a principal torus bundle: 

Corollary 2.1. If {niap} is a coboundary then Y is a principal 
double torus fibration. The gluing functions are Xap and hap : 




-Xap and 6 a — Or^ 



-h 



aP- 



(2.21) 



The connection one forms are 0/ and = dO^ + B{^. Y can also be thought of as a fibrewise 
product of two principal torus bundles, X and X, defined by the gluing functions Xap and h^p 
respectively. 

In general, {rriap} is a nontrivial cocycle and F is a double fibration — a principal torus bundle 
Y ^ X over a principal torus bundle X M: 



Corollary 2.2. The following functions defined on twofold overlaps {X^p} 

X#ap{(^p) = hap — rriapiOp + \ Xpa) 



(2.22) 



satisfy the cocycle condition on threefold overlaps {X^p-y}. This cocycle defines a principal torus 
bundle p : Y ^ X by the gluing condition 9^a — 6#p = —X^ap. The connection G# on Y can 
locally be written as 



# \Xa 



d0#a + - Bq^Qj. 



(2.23) 
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The same space Y can be represented in a slightly different geometrical form: Y is an affine 
double torus bundle (for an introduction to affine torus bundles see section 4.1.1 in [22]) with very 
special gluing functions: 

Corollary 2.3. The gerbe reduction fl2.17p defines an affine x T'^-torus bundle over M: the 
gluing conditions for coordinates on twofold overlaps are 



da + ^^afsj lO 1 J \0i3 + ^Xi3a 



(2.24) 



The corresponding affine connection has the form = d6a + and = dOa + -Bia with the 
gluing condition on twofold overlaps 



ej U 1 i [Oa 



(2.25) 



It also follows that ©^Ifq = — -Bq^ ©j is globally well defined 1-form on the total space of the 
affine torus bundl^ 



Proof of the theorem: From the invariance of on the torus coordinates it follows that the right 
hand sides of equations (12.151) do not depend on the torus coordinates. On the other hand the 
curvature Fap of the connection A^jj 

1 d d 

Fap = --- + -mij3eiA ©J where m^fp = QQ-hip - -QfKp 

must have integral periods. In particular, m^^ is an integral valued matrix. So locally (it means 
one has to cover the torus T*^ by patches) we can write hl^^^iOp) as 

hip{ep) = Ti*hip + ]^mi'p{ep + \\p^)^. 

Note that hap{Op) = —hpa{&a) provided h^p is skewsymmetric in a, (3. From the gluing condition 
for Bia (12.151) we know that 

Ti*B{^ - 7r*Bip = iT*{dMKp) + I '^Sd V - - >C( Jj) a^p 



^In fact, similar afRnisation happens when one considers a simpler case of reduction of a U{1) bundle on a 
principal torus bundle X. The basic steps are the same, but the derivation is much lighter and is presented in 



Appendix [C] 
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should not depend on the torus coordinates. This means that aai3 is at most hnear a function of 
the torus coordinates: 

where ciap and are smooth 1-forms on Map- Again aap{Op) = —apa{Oa) provided dap and pap 
are skewsymmetric in a,f3. From the gluing condition for B2a'- 

B2a - B2P = 7l*[ddap + {Kp, F)] + [dpap + \m^apFj){Op + \\pa)l + (Pa/3, Ap - \d\pa) ■ 

one concludes that ^ 

Pa/3 = "2 "^"^('^'3 ~ \d\pa)j ■ 

Combining the equations above we obtain the gluing conditions for the gerbe connection fl2.17p . 

To obtain the cocycle conditions one has to study equations fl2.16p . From the first equation in 
(12.161) we learn that 



fap^iOp) = exp 



■— — [6p + ^Xpa + l^p-r) {m-apXp-f — ^-ypXpa) 



Pi 



where fap-^ satisfies the usual symmetric properties: fpa-y = fap^ etc. Straightforward calculation 
yields the relation (I2.20p on fourfold overlaps. □ 

Comment. Note that the connection Aap fl2.14p for the invariant gerbe connection has the form 

Aap{Op) = n*dap + {7i*hap, 6) + J mij^ {Op + lXpa)j [dOp + \d\pa)j. (2.26) 



3 T-duality in string sigma models 

In this section we discuss T-duality for principal torus bundles with nontrivial if-fiux (with van- 
ishing Hq"^^). First, we consider the case when Sq'^ is a smooth function on M and present the 
standard derivation of the T-duality on the level of function integral. Second, we discuss the 
problems with the generalization for the case when Bq is not globally defined. 

3.1 Sigma model on a principal torus bundle 

In this section we review the construction of the sigma model with a target space X that is a 
principal torus bundle % : X —>■ M. The space Map(E,X) of maps from S to X has itself a 
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structure of a fibre bundl€0: 



T{x*X) ^ Map(S, X) Map(S, M). 



(3.1) 



This fibre bundle is defined as follows: given a map x ^ Map(S,X) we define x = n o x a.s the 
composition of this map followed by the projection onto the base manifold M. This defines the 
map X : S — > M. Now we can restrict the principal torus bundle X ^ M to the image of S and 
then pull it back to S. The fibre in (13. ip is exactly the space of sections of the resulting torus 
bundle. It is convenient to write the sigma model functional integral in the following factorized 
form 



^x^(a) exp 

Map(E,A-/) 



-TT j gf,u{x) dx'' A *sdx'' + j vol(0)7^(0) <^{x) 



^(x(a)); (3.2a) 



/icrj exp 

T{x*X) 



X 



Hol(a;*52 + (x*5i,e) + i(a;*So,e A0),S). (3.2b) 



Here \E'(x(cr)) is a function of the map x to the base space M, g^^ is a metric on the base M, hjj{x) 
is an invariant metric on the torus fibre over x G M, g is a metric on the worldsheet S, $(2;) is 
the dilaton. Hol(i?, S) denotes the holonomy of the gerbe connection i? on S — the exponential 
of the Wess-Zumino term, see Appendix |X1 Note that the dilaton is only a function of the base 
coordinates. In string theory, one also has to calculate the integral over the space of 2d metrics, 
however we are not going to discuss this integral here. 



3.2 T-duality 

In this section we review the derivation of T-duality in a sigma model on a Riemann surface E 
with target space a principal torus bundle tc : X M. 

The main result of this subsection can be summarized by the following 



Theorem 3.1. If B^'^ is globally well defined then the functional (I3.2bl) can also be written as 
"det h'^ixy''^''^^^ 



vl/(x(a)) 



det hjj{x) 



m\a) exp 

V{x*X) 



1 ,A 



X Hol(x*S2 - {e,x*A) + -(0 Ae,So),S) (3.3) 



^Strickly speaking, it is not a conventional fibre bundle but rather one that is defined for Frcchet manifolds (see 
e.g. [MITT]). 
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where X is defined in Corollary \2.1\ x(^) ^■5 the Euler character of the surface S, 

h = {h- Boh-^Boy^ and Bq = -hBoh'^ 

are symmetric and antisymmetric parts of the matrix {h + Bq)^^ respectively, and 

= dO^ + x*Bi and B2 = B2 + {Bi , A) . 

Corollary 3.1. Under classical T- duality the set {Fj, H^, F^) maps to the set {F^ , H3, Fj) where 
F = H2 + BqF is the curvature of the connection 0, and 



$(x) 1-^ <l>(x) + - log 



det h^--' {x 
det hjj{x) _ 



Proof. If X were a product space then one could prove the theorem in the standard way: gauge 
the torus symmetry, add lagrange multipliers to impose the condition that the gauge-fields be 
pure gauge, change the order of integration and integrate out the original torus variables [3l Hj. 
However when the equivariant extension of H does not exist, and equations (11. 2p are not satisfied 
this approach does not work: it is impossible to gauge the sigma model. It was shown in [6] that 
although it is impossible to gauge the sigma model it makes sense to gauge and add the lagrange 
multiplier in one step. This result is explained in detail in Lemma [STTl The extended sigma model 
is defined by the functional integral: 



^(x(a)) = j 99i^Aim^ exp 



-vr / h''{x){ei~Ai)A*{ej-Aj) 
's 



X 



"exp " 



2ni / {x*B2 + {x*Bi, - A) + -{x*Bo, (0 - A) A (0 - A)) + {d9, dO - A)) 



(3.4) 



where A/ is a globally well defined smooth 1-form on sj^ and 0\(y) is a section of the puUback 
of the principal torus bundle with fibre T" as described in section |2j The gluing conditions on 
the twofold overlaps for 6 are exactly those described in Corollary 12. 1[ The exponential in (13. 4p 
is invariant with respect to the gauge transformations 9{a) 1— > 0(cr) + 0(o") and A 1— > A + c/s^. We 
can rewrite the last term in (13.41) in a slightly different way: 



m{x{a)) = j ^Oi^Ai^e^ exp 

X Hol(52 + {Bi, A) - (0, A), S) exp 



-TT / h''ix){Qj-Aj)A*iQj-Aj) 

T 



2711 yj(0, - A) + -{Bo, (0 - A) A (0 - A))) 



^In [6], the combination x*{A — A) is denoted C. 
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Note that the last hne can be rewritten as an integral over a 3-disk D with boundary S: 

g27ri/j,(...) ^ g27ri/p{x*H3+(x*_f/2,e-A>+|(//i,(e-A)A(e-A)>+(e-Bo(e-A),dA» ^3 

Note that the exponential on the right hand side contains only globally well defined quantities. 

Imposing a gauge-fixing condition on 9j and integrating over A yields (13. 3p (see Lecture 7 of 
E. Witten in [21] for details). □ 

Comment. 

1. Note that the component B2 of the gerb connection (I2.12p is not invariant under T-duality 
transformations (see also [25]). It transforms as in Theorem 13.11 

2. Theorem 13. II can be generalized to cover the action of the whole T-duality group 0{n, n; Z). 
The pair {Fj, F^) transforms as a vector of 0(n, n; Z) while the matrix h^'^ + B^^ transforms 
by fractional linear transformations. 



Lemma 3.1. Assuming Bq is globally well defined the functional ^'(x) in (13.41) as a function of 
the gerbe connection B descends to a well defined function of the gauge equivalent classes of gerbe 
connections (or in short \E'(a:) is gauge invariant). 

Proof. Suppose that the image of E, x(S), lies in the patch then we can write (13.41) in two 
two different ways: using coordinates in the patch or in the patch M^. First notice that the 
Jacobian in change of measure between the patches and Afg is trivial, so 



The only nontrivial term we can obtain is from the second line in (13.41) . So let us rewrite the 
second line of (13.41) written in patch Ma in terms of the quantities defined in the patch Mg: 



exp 



2m I {x*B2a + {x*Bia, e - A) + -{x*Boa, (e - A) A (e - A)) + {de^, dOa - A)) 



M. 



a/3 



=2«/j,(...)^| 



IM, 



a/3 



exp 



2m / (e^-e,,A) 



X 



M, 



Q/3 



exp 



1 . . 1 ■ 

2m I rfs x*{aai3 + {hal3, 0) + {d9/3 + -dhf3a, Kp) - {hap, dOp + -dXfia)) 



(3.6) 



where 6q = dda + Bia- To cancel the second exponent one has to require that 6 is a globally well 
defined 1-form which means that 9a is a coordinate on a principal torus bundle as in Corollary 12. 2[ 
The third exponent vanishes by itself since it is an integral of a total derivative over the compact 
closed surface S. □ 
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3.3 [HildR ^ 

In this subsection we rederive the result that it is impossible to construct the gauged sigma model 
with extended target space when Hi is not exact [HIS]- 

The simplest way to see this is to consider the 3-dimensional form of the WZ term J x*H, 
integrated over a 3-space whose boundary is the world-sheet, The first step is minimal coupling, 
i.e. the replacement x*Q to x*Q — A where A is a globally defined 1-from on S. The lagrangian 
should be a closed 3-form. The minimally-coupled 3-form 

x*H3 + {x*H2, e - A) + ^{x*Hi, (6 - A)2) (3.7a) 

is not closed. To make it closed we add two terms: one proportional to dA and another proportional 
to A A dA, 

{G + wA,dA) (3.7b) 
where G is a 1-form on X and w^"^ is a function on X. The closure of (13. 7p yields: 

dG^ = Fl, w^^ = -w^^, Hi-^ = dw^^, £( Jy) w = 0. (3.8) 

The invariance with respect to the shift 6^6 + 0(c") requires = G{ — w^^Qj where Gi is a 
puUback of 1-form from M. To make (13.71) globally defined requires w to be globally defined. So 
we conclude that Hi is an exact form. From the discussion in section 2 it follows that one can 
take w = Bq and G = 6#. 

If one continues the discussion of lemma [3TT] one obtains that \l/(a;) is not gauge invariant any 
more. It descends to a section of a non-trivial line bundle over the space of gauge equivalence 
classes of gerbe connections. 

4 T-duality as a symmetry of a loop space 

In this section we discuss T-duality in terms of the canonical quantization of the phase space 
of the sigma model. For an earlier treatment in which T-duality is understood as a canonical 
transformation, see [26]. A bosonic string sigma model on S*^ x R with the target space X has 
the configuration space LX — the loop space of X - and the phase space T*LX. We show that 
when Bq = (or more generally when Bq is globally well defined), T-duality is a symmetry of a 
total space of a line bundle over the cotangent bundle to the loop space on Y. The symplectic 
form ujy has two different torus actions and the two corresponding hamiltonian reductions yield 
the two T-dual models. 
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When Bq and is topologically nontrivial, there is still a symmetry but it is realized 
differently. There is a Hamiltonian action of one torus but the other has a non Hamiltonian 
action. The obstruction to having a Hamiltonian action is that [Hi\dR 7^ (i.e. there can only be 
a Hamiltonian action if [i^ij^i?, = 0). 

In the following subsections we will review the construction of the sigma model phase space for 
a general smooth manifold X and then restrict to the case in which X is a principal torus bundle. 



4.1 Phase space of string sigma model 

Let X be a compact smooth manifold. The phase space for the string sigma model on S*^ x M is 
T*LX — the cotangent bundle to the loop space of X. T*LX is naturally a symplectic space: 
given a loop x : ^ X , the symplectic form is 

u = (f) da6p=(f) da6pMi<y) ^Sx'^'{a). (4-1) 



One can think of the momentum p = pM{<y)Sx'^\a) as of a section of the pullback of T*X to 
S^. Here 6 is the differential on the loop space and x'^ are coordinates on X. To quantize the 
theory we follow the standard procedure of geometrical quantization (see e.g. [27]) and specify a 
hermitian line bundle over the phase space with a connection that has curvature u. Since u is 
exact one can take a trivial line bundle and choose a connection 

i9 = 6z+ (p dap (4.2) 

where 2; G C is a coordinate on the fibre. The wave-functions are then sections of this bundle. 

We are interested in sigma models which are twisted by a 5-field. Mathematically, the 5-field 
is a gerbe connection, and the relevance of this will become clear shortly. The gerbe connection 
has a curvature H — a closed globally defined smooth 3-form on X with integral periods. Using 
H we can twist the symplectic form (14. 3 p to give 



Here 



ujx= I da [5p + i{d„x)H] . (4.3) 



/ dai{dax)H = I- (p da daX^'\a)HMNP^ 



x{a))Sx''{a) ASx'^ia) (4.4) 



is a 2-form on loop-space. 

To quantize this phase space we specify a hermitian line bundle over T*LX with connection 
i}x whose curvature is ux (The space of sections of this line bundle form a prequantum Hilbert 
space) . Now the magic fact is that a gerbe connection on X defines a principal circle bundle over 
LX with connection whose curvature is exactly the second term in (14. 3 p [20] . Then the pullback 
of this circle bundle to T*LX can be taken as the required line bundle. 
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Connection and circle action. The connection on the hne bundle over T*LX can be written 
as (in the patch X^) 

dx = + f da[p — i{d^x)Ba] ■ (4.5) 

with i{dcrx)B = dcrx'^^ Bmn^x'^ {o')- Recall that B is not a globally defined 2-form, rather Ba — Bp = 
dAap on the twofold intersection Xap- The momentum p is nevertheless globally well defined: it 
is a section of x*{T*X). So one sees that Za — = x*Aai3- 

The associated circle action is given by the group of line bundles with connection: a line bundle 
L ^ X with connection A acts on the field by the shift Ba ^ Ba+F\xa where F is the curvature 
of the connection on L. The puUback x*L of the line bundle L to the loop is necessarily a 
trivial line bundle with a fiat connection: the second Cheeger- Simons cohomology (essentially the 
space of connections modulo gauge transformations; see e.g. [22]) is H'^{S^) = U{1). In other 
words, a puUback of the gerbe to a loop is a principal homogenous space for U{1), so we have a 
principal circle bundle. From (14.51) it is easy to see ftafi the coordinate. shitoV^. + /,xM. 

Sigma model on a principal torus bundle. Let X be the principal torus bundle n : X M 
which we described in section 12.11 In order to define a sigma model on X we have to specify a 
gerbe connection. We use coordinates x^ on the base M and fibre coordinates 9i, as before, so 
that x^'^ = (x^^Oi). 

A connection (14. 5 p for a target X which is a principal torus bundle has the following form 

^^ = 5z+ I da [p^5x^ + (p, 6) - i{d„x + VJ)B] (4.6) 

where x : ^ M defines a loop on the base manifold M, and 9 G T{x*X) is section of the 
pullback torus bundle; i{dax) stands for ?(9a-a:^(gfjr)hor) and 

= djj + iid,x)Ai (4.7) 

is the covariant derivative of 6 with respect to the pullback connection. Explicitly, {p, 0) = 
p'{a)[5ei{a) + Ai^{x{a)) fe^(a)] etc. 

4.2 Symmetry of a loop space 

Recall that, under the assumptions of section 12.11 the generalized correspondence space y is a 
double torus bundle over M (provided Sg is globally well defined) . We shall first discuss the case 
when B^o^ = 0. 

^Note that i{d„x)SA = C{d^x){x*A) - S{i{d„xA)) = d„[i{d^x)A] - d{i{d„x)A). 
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The cotangent bundle to the loop space of Y is naturally a symplectic manifold with ujy = S'Sy- 
Here i^y is a connection on the corresponding line bundle: 



'dy = Sza + (b da 

'53 



+ (p, 0) + (0, p) - i{d^x + VJ) - (0, 0)) 



(4. 



Note that there are two extra terms in this connection than were in (14.61) : the meaning of the first 
one is obvious, while the second can be interpreted as the topologically trivial gerbe connection 
comming from the Poincare line bundle (See e.g. [7j for an explanation of this and other relevant 
geometric structures.). The sympletic form is 



da 



Sp^ A 6x'' + {6p, 0) + (p, F) + {H2,p) - (0, 6p) 



i{d^x + VJ){H3 + {Q,F)) (4.9) 



where we have used dQ^ = p*H2 = 7r*F (and we are assuming B^'^ = 0). The main result of this 
subsection is the following: 

Theorem 4.1. The symplectic form ujy is invariant with respect to the T" x T" action generated 
by the fundamental vector fields and -ir. Moreover this action is hamiltonian: 



l{^)uy = 5{-pi + V.ei)- 



(4.10a) 
(4.10b) 



The symplectic reduction with respect to T" or T" yields the symplectic forms uox oru>x respectively 
where 



UJX 



X 



da 



da 



Sp^ A dx'' + {6p, 0) + (p, F) + i{d,x + VJ) {Hs + (F, 0)) 
6p^ A Sx^' - (0, 5p) + {F, p) + i{d„x + V,^) {H^ + (0, F)) 



(4.11a) 
(4.11b) 



Corollary 4.1. Instead of doing symplectic reduction with respect to orT" one can reduce with 
respect to some sub-torus inside T'^ x The space of such sub-tori is an affine space with the 
group of translations being given by 0(n,n;Z). This space encompasses all T -dual backgrounds. 



Clearly, the symmetry in (14.111) corresponds to the T-duality exchange that was discussed in 
section O (for B^-^ = 0). 
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4.3 Non-hamiltonian torus action 

As was discussed in section [21 if B^^ is non-zero the original torus action can in general be 
only lifted to an M" action. However we have also seen that if B^^ is globally well-defined then 
topologically y is a principal 2n-torus bundle over M, and there exists another lift which defines 
the torus action. In other words, Bq^ 7^ is a geometrical obstruction for Y being a principal 
torus bundle with connection over M, but when it is well defined there exists a connection (12.91) . 

= — Sq'^Oj, which respects the double-torus fibered structure of Y . We may extend the 
construction of the previous subsection to the case when B^-^ ^ and is not necessarily globally 
defined. 



Symplectic form on Y. A connection on a line bundle over the cotangent bundle to the loop 
space of Y can be written in a form similar to (14.81) : 



Y 



da 



p,5x^ + {p, 6) + {&#,p*) - z{d^x + V,^) {B - (e#, 0)) 



(4.12) 
(4.13) 



where VaOi is as before but 

Gj = + Bi - B'^'Qj . 

Note that "dy is written in terms of globally well defined connection G#. One easily sees that if 
So = the equation (14.121) reduces to (14.81) . The sympletic form is 



OJy 



da 



5p^ A Sx^- + {Sp, 9) + {p, F) + {F#,p*) - (e#, bp*) 

+ 2(9.x + V.^)i/-5(e#,V,^)] (4.14) 

where we have used dG^ = P*Fj^- Recall that = i{^)H and thus it is globally well defined. 
The action of on the symplectic form ujy is still hamiltonian: 

i{^)uy = 5{-p* + VJi). (4.15) 

# 

So the hamiltonian reduction by yields a sigma model with the symplectic form ujx = S^x 
constructed from the connection (14.61) . The action of T" however is no longer hamiltonian: 



hor 



UJy 



5{-p' + V.^^) + Hi-\-p* + VJj) , 



(4.16) 



where (Jj)horU/. 



BUtth— denotes the horizontal lift of the vector field -It via the 



Oa S0J 

# a 



connection This is explained by the failure of the T" action to 

surprising that Hl^ defines the obstruction to the symplectic reductionIl° 



ift to Y and it is not 



^''Actually this is a weaker condition - having a constant irrational _Bq'^ is sufficient for the faihire of the torus 
action to Hft. Once more, ()4.16p holds regardless whether Bq"^ is globally defined or not. 
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When Bq"^ is well defined this situation can be fixed: the vector fields ^ and are inde- 
pendently well defined and thus we can rewrite equation fl4.16p as 

^ <i;)^y = K-p' - Bp'pt + yj# + B^'VJj) . (4.17) 

Now on substituting = + Bq'^Qj and redefining {p^ — B^'^pf ,pf) i— > {p^ ,pi) one finds that 
uy can be written as 



ooy = (p da 



51 



6p^ A 6x^' + 9) + {p, F) + {F,p) - (6, 6p) 

+ i{d^x + VJ){H^ + {e,F))] (4.18) 



One can check that there are now two hamiltonian torus actions with respective reductions yielding 
symplectic forms ux and Ux related via {Qi,p^) ^ (9^,p/). 

When Sq"' is not globally well defined, similar steps can be made but instead of (14.181) one 
obtains: 

Theorem 4.2. The symplectic form uoy on T*LY can he written as 
% A dx^" + {5p^, 6) + F) + (F„,p) - (e«, 5p) 



uy = (p da 
'51 



+ i{d^x + V.^) {H, + (0,, F)) (4.19) 



where the both the momenta pa, Pa o,nd connections 0^, 0^ are not globally defined. The gluing 
functions on twofold overlaps M^p are 

' A = ( 1 "U^A am {^'\ = (» "'"'^'1 (^^"l . (4.20) 

The expressions (I4.14p anc? (I4.19p are the same. Note that although most of the terms in fl4.19p 
are not well defined — their sum is well defined, and thus can be integrated. 

Thus the string sigma model can be consistently quantized in the canonical approach with a 
phase space constructed from the generalized correspondence space y, which an affine doubled 
torus fibration over a base manifold M even in the case in which the B^^ component of B is not 
globally well defined. This supports the view that passing to Y is the correct way of dealing with 
sigma models in situations in which the gauging and T-duality is obstructed. The phase space on 
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T*LY with symplectic form on ujy has a natural 0{n, n) action and puts momentum and winding 
modes on an equal footing, so that gluing functions mixing the two can be incorporated easily. It 
seems that the phase space can then be defined in situations in which there is no well defined dual 
configuration space. 
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A Wess-Zumino term and holonomy of the gerbe connec- 



In this appendix we review a definition of Wess-Zumino term or logarithm of a gerbe connection 
for topologically nontrivial S-field. 

Holonomy of an abelian 1-form gauge field. Given a contractible cover {M^} of a manifold 
M a 1-form gauge field is specified by the following data 

• a function Xap on each twofold intersection Map satisfying the cocycle condition that Xap + 

+ X^a = on threefold overlaps. 

• a 1-form Aa on each Ma such that on twofold overlaps Map'- Aa — A^lM^g = dXap- 

A loop 7 : S"^ — s> M does not necessarily lies within one patch. We break the loop into segments 
{7q, C Ma} and denote by ■^ap £ Map a point where the segments 7q, and 7/3 intersect. Then the 
logarithm of the holonomy of the gauge field A is defined as the following sum 



tion 




(A.l) 
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One can easily verify that this sum does not depend on a particular choice of the partitioning 
{la,7ai3} of the loop 7. 

Holonomy of a gerbe connection. A gerbe connection is defined by a set of 2- forms B^, 1- 
forms {Aa/3} on twofold intersections and functions fa/3'y : M^/j-y U{^) on threefold intersections 
(see section 2.2 for details). Given a 2-cycle S we can partition it as shown in the picture: are 



B Torus action on the gerbe connection 

To discuss a group action on a sigma model one has to specify how it acts on the target space, 
metric and on any additional structure involved. In this paper we have assumed that the space 
X is a principal torus bundle (T" acts freely on it) and that the metric is T"-invariant. We now 
discuss how the torus group acts on a gerbe connection with T"-invariant curvature. 

In this appendix we choose a contractible covering {Ua} of the target space X. The main result 
can be summarized by the following 

Theorem B.l. Let {Ua} be a contractible covering of the space X. The action of the torus group 
on a gerbe connection with -invariant curvature is specified by a 1-forms {w^} in every path 
Ua, a function tt^^ in each twofold overlap U^p and a constant Ca/3-y is each threefold overlap U^p-y 
such that they satisfy the following conditions 




surfaces, Y^ap is the common boundary of Sq, and and is the intersec- 
tion of segments Eq,^, S^^ and E^q. The holonomy of the gerbe connection 
is defined by the following sum (the orientation is important) 




It requires a little bit more work to verify that this sum does not depend on 
a particular choice of partitioning of the 2-cycle S. 



C{§^)Ba = dwi; 
(wi - wj) \^^^ = C{^)Aap + dui^; 



(B.3a) 
(B.3b) 



(B.3c) 




(B.3d) 
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Proof. The invariance of the curvature H of the gerbe connection imphes C{-^)H = 0. From 
this it follows that C{^)Ba is a closed form. Since the patch Ua is contractible this closed form 
is exact, so we denote it by dwa- From the gluing conditions for Ba we obtain ( ]B.3bl) for some 
from the gluing condition for A^p one obtains (lB.3cp . Finally equation (lB.3dp comes from 



u 



the CO cycle condition on fap-j- □ 

Note that THE simplest solution to these equations is that in which is invariant with 
respect to the torus action in each patch. 

Given a structure specified in the Theorem ( IB. 11) we can construct a connection and check 
whether or not we have a principal torus bundle. The curvature = dQ^ is 

Fi\u^=d{wi-tii^)B^}. (B.4) 

The gluing conditions for these 1-forms are 

{wi - ^( - {wj, - z( = 4^^7)^0/3 + uip}. (B.5) 

On threefold overlap the functions defined on the right hand side satisfy 

^7)^0/3 + ^ip}\u^^^ + ■■■ = Ca^y (B.6) 

Thus {cap-y} is an obstruction to the geometrization of F^: if it does not vanish then one does not 
have a principal torus bundle with connection over X whose curvature is F^. 



C Reduction of a U{1) bundle 

We consider here a toy example of a reduction of a principal circle bundle L — > X onto the torus 
fibration T"' ^ X M, specified in subsection 12. 1[ This example captures the essential features 
of the affine bundle appearing in the gerbe reduction given in section 12.21 but is considerably 
simpler. 

We denote by 6# a connection 1-form on the total space L of the circle bundle. Locally it can 
be written as 

e#u. = #a + P*5, (c.i) 

where t/'q, (0 ^ t/'q,/ < 1) is a coordinate on the circle in the patch X^ and {B^} is a 1-form. We 
denote hj H E the curvature of this connection, and assume that both H and {Ba} are 

invariant with respect to the torus action: 

£(4)// = and £(4)5. = 0. 
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The gluing conditions on two- fold overlaps {Xa/s} are 

i^alx^a - '^plx^p = -(^ap , Ba\^^^^- Bp\_^^^^ = daaf3 (C.2) 



where {ctq,/?} are functions on twofold overlaps satisfying the cocycle condition on threefold overlaps 

The invariant 2-form H can be decomposed in horizontal forms: 

H = 7i*H2 + {7i*Hi, 9) + ^{7i*Ho, e A 6), (C.3) 

where Hj, j = 2, 1,0, are j-forms on the base manifold M. The assumption of the invariance of 
the 1-forms Ba with respect to the torus action yields Hq'^ = 0. 

In each coordinate patch we can decompose the 1-form Ba into vertical and horizontal forms: 

Ba = B,a + {Boa,e), (C.4) 

where Bi^ and Bq^ are horizontal 1- and 0-forms respectively. The gluing conditions take the 
form: 

^i"lA/a/3~^i^lM<,^= (7r*rfAf) (Tap , B^^^^^-Bl^i3\^^^= £( Jj) aap. (C.5) 

The invariance of {Ba} with respect to the torus action yields restrictions on a possible de- 
pendence of the gluing functions on the torus coordinates: the right hand side of ( IC.Sj) must be a 
pullback from the base manifold. The most general solution of this conditions is 



cr, 



^p{Op) = ■K*aaf3 + {maf3, Op + ^\f3a) , (C.6) 



where m^^ is an integral valued vector and dajs is a function on the twofold overlap Ma/3 of the 
base manifold. On the threefold overlaps {Majj^y} they satisfy the following conditions: 

rriap + m^^ + mi^a = ) (C.7a) 

+ ^f3-y + ^-fa = - {{nialS, >^/3-y) - {m^l3, >^/3a)) (C.7b) 

where {Xa/Bi} are gluing functions of the principal torus bundle X (see section [2]). The gluing 
conditions for Bi and Bq become 

^^'^\Mai3~^^f^\Mai3 ~ ^M<^a/3 + {^nap^A.^ — \dMXl3a) , (C.8a) 
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It is now not hard to see that the equation flC.6l) and the first of f lC.81) define an affine x T"- 
torus bundle over M. On twofold overlaps M^p, the gluing conditions for coordinates "0^ and 9^ 
and the affine connection 6q, = d6a + Aa and 6q = difja + -Bio are given by: 

Only when the gluing function (Tap does not depend on torus coordinates, i.e. m^^ = 0, the 
reduction of the U{\) bundle yields a 1-form on M and n scalar fields. When the gluing function 
does not respect the torus action, the result of the reduction is given by an affine x fibration 
over M and n line bundles. 



D Reduction of the current algebra 

Current algebra. Given a section {v, p) of TX © T*X one can construct a current 

Je{v,p)=(p da e{a)[i{v)p + i{dax) p] (D.l) 

where e(cr) is a smooth (test) function on the circle. From fl4.ll) it follows that the Poisson bracket 
of two such currents is [28l [29| [30] 

{-^ei(^i,Pi), Je2{v2,p2)} = Jeieiiiivi, pi) , {v2, P2)]h) - 7^ f da {eid„e2 - e2d„ei) [i{vi) p2 + i{v2) pi] 

(D.2) 

where [■, ■]h is the twisted Courant bracket. The twisted Courant bracket is defined by 

[(Wl, Pl), {V2, P2)]h = [vi, V2] + |£(t;i)p2 - 'C{v2)pi - ^ d{i{vi)p2 - i{v2)pi) + i{vi)i{v2)H^ (D.3) 

where [■, ■] denotes the commutator of vector fields. Note that one can rewrite the Poisson bracket 
above in a slightly different form: as a twisted Courant bracket on the T © T* bundle over X x S"^ 
(see equation (30) in [28]). 

Reduction of the Courant bracket. Taking X to be a principal torus bundle, we can study 
the reduction of the twisted current algebra to the base M. 

We start by decomposing the sections of TX © T*X into horizontal and vertical components. 
Any vector v and one-form p can be written as 

V = vm + {K, f) 

P = PM + {(f), ©) 
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Demanding that both Ckv = and CkP = 0, imphes in particular / G n°(M, t) and <p G ^''(M, t*). 
In other words, a T"-invariant section of TX can be written as an element {vm, f) G TM©t, while 
a T"-invariant section of TX* can be written as {pMi<P) ^ T*M © t*. Given these elements, we 
can introduce some basic operations replacing the contractions. Lie brackets and Lie derivatives: 

d{\M,uj) = {d\M + {io,F),-duj) 

[(wM, /), {wm, g)] = ([fm, WM],livM)tiwM)F + C^j^^Q - 

In this notation, a contraction of the element {vm-, f) with a p-form in can be thought of 

as a collection of forms in Q^^{M, A^~*~^t) for i = 0, ...,p — 1. In particular, for H G 

i{{vM, f))H = {{i{vm)H^ + /)), {i{vm)H2 - (//i, /)), (z(i;Af)^^i + (i/o, /))) 

We can now write down the reduction of the twisted Courant algebra to the base M in a compact 
form. 

Theorem D.l. The space of -invariant sections ofTX®T*X is isomorphic to T{TM®T*M® 
t© t*). The Courant bracket on TX © T*X yields the following bracket on T"- -invariant sections 

[{vM,f; pmA), {wM,g;XM,uj)]H = (^[{vm, f),iwM,g)]; 

^{vM,f)i^M,Uj) - C{^u,M,g)ipMA) + ^«(^^M,/))(AM,t^) -l{.{wM,g)){pMA)) +^{.{'^Mj))l{.iwM,g))H 

The reduced Courant bracket in Theorem ID.ll can be cast as 

[(^M, /;PAf, 4>), {wm, g; Aa/, (^)]h = [{vm; pm), {wm; Aa/)]h3+ 

(o, Cyj^^g - Cy_,j,J] {uj, df) - {(/), dg) + ^d{{uj, f) - (0, g)), L^^,^uj - C^^^(^ + 
{^,%{vmY{wm)F\ {uj,i{vm)F) + {i{vM)F#,g) - {i{wM)F#,f) - {(P,i{wm)F) ,i{vm)i{wm)F#^ 
(0,0; {H,,[f,g]),{Ho,[f,g]))- 

The rhs of the first line is the Courant bracket on the base M twisted by a 3-form if 3, which in 
general will not be cl osed. Adding the second line amounts to extending the bracket to M x 
(or M X M") [31]. On the third line we recover F^ = - H('^ A Bj + i H^-^^Qj A 9;^; in the 
absence of nontrivial Bi and Bq it displays an explicit n, Z) symmetry, which exchanges the 
terms containing F/ and ii|, reflecting the fact that there are two independent principal tori on M 
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(and thus two choices to which of the two forms corresponds to the curvature of the connection, 
and which to twisting). It may appear strange that in the general case the natural 0{n,n,Z) 
action is on 2-forms -F^ rather than preferred by the sigma model. However nontrivial Bq"^ and 
Hq^^ have contributions that spoil this symmetry of the Courant bracket These are collected 
in the last line (with [., .] denoting antisymmetrization in /, J indices). 
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